respect to the Riemannian measure. In this setting, uniqueness of (0.1) means that if fELP(M) for some O<p~ <oo, thenfmust be identically constant. We remark that when p= oo all constant functions satisfy (0.1) and belong to L| On the other hand, for O<p<oo, while all constant functions satisfy (0.1), they belong to LP(M) iff M has finite volume, unless the constant is zero.
For the sake of simplicity we say a manifold satisfies property ~p for p E (0, oo] if every L p harmonic function on M is constant. We also say that M satisfies property 5ep if every nonnegative L p subharmonic function on M is constant. Observing that the absolute value of a harmonic function is a nonnegative subharmonic function (in the weak sense), M satisfying 5ep implies it also satisfies ~p.
The first result towards understanding the uniqueness of (0.1) was due to Greene-Wu [7] . In fact, they proved that if M is complete with nonnegative sectional curvature, then M satisfies property bop for p E [1, oo) .
In 1975 Yau [14] showed that if M is complete and has nonnegative Ricci curvature, then M satisfies property ~. This result is in a way the best possible, since there exist infinitely many bounded harmonic functions on a simply connected manifold with sectional curvature identically -1. In fact, recent work of Sullivan [12] , Anderson [1] , and Anderson-Schoen [2] show and give a thorough understanding of the existence of bounded harmonic functions on a simply connected manifold with strongly negative curvature.
In [15] Yau showed that if p E (1, oo) any complete Riemannian manifold satisfies property boy-He also proved that by only assuming completeness on M, any nonnegative L v harmonic function must be constant for p E (0, 1). Up to that point, the case p = 1 was completely unknown. Also, for p E (0, 1), without assuming nonnegativity of the harmonic function, uniqueness is still open.
It turns out that unless one imposes an addition hypothesis on the geometry of M, the property boy (hence ~v) is in general not valid for p E (0, I]. Indeed, in an unpublished preprint of Chung [5] , he gave an example of a complete two-dimensional manifold with a nonconstant L 1 harmonic function. Later Sullivan provided examples of manifolds with nonconstant L p harmonic functions for p< 1 and sufficiently small.
Recently Garnett [6] showed that ifM is complete and has bounded geometry, then M satisfies property Y(I. She also proved that on such manifolds any L v harmonic function which is bounded from below must be constant ifp E (0, 1).
The purpose of this article is to establish sharp conditions on the curvature of M to ensure the property b~ for the unknown cases p E (0, 1]. In w 1 we proved a Poincar6 inequality for geodesic balls on a manifold with Ricci curvature bounded from below by -(n-1) k, k~>0. Our proof is completely local but interior. As a corollary, a lower bound of the first Dirichlet eigenvalue of a geodesic ball is derived. This can be viewed as a local version of the 21 estimate for compact manifolds given in [10] . Combined with a Harnack-type inequality of Cheng-Yau [4] , we prove a mean value inequality for nonnegative subharmonic functions on M.
In w 2 we apply the mean value inequality of w 1 to prove that if M is complete with
for all x E M, where ro(x) is the distance function from some fixed point x0 E M, then M satisfies property bol-We also prove that if M is complete and
for all x E M, where 6(n)>0 is some sufficiently small constant depending only on the dimension of M, then M satisfies property 6ep for p E (0, 1). We should point out that our argument for the cases p E (0, l) relies on the fact that manifolds with the above Ricci curvature restriction must have infinite volume. This fact was first proved by Yau [15] for RiCM~>0, by Wu [13] for RiCM(X)>>---cro(x) -~2+~, and finally by Cheeger-Gromov-Taylor [3] for the above case. We also observed that since our proof only utilized the mean value inequality, for manifolds satisfying either (i) simply connected with nonpositive sectional curvature, or (ii) both Ric~ and volume of unit balls are bounded from below, must satisfy property 6ep for all p E (0, o0). In particular, Garnett's theorems follow as a consequence of (ii 
vanishing on aBR(xo). In particular, the first Dirichlet eigenvalue of BR(xo) satisfies
The corollary follows from the theorem by replacing by I~' and using HOlder's inequality to get
f Bt(xo)IdPIP dV <~PCI ~t(xo)If TPIP-I IVf~IdV <~PCI( ~ IcYPIP) (P-I)/ PIIvc~' ILp(B, )"
The corollary now follows.
Proof of Theorem 1.1. The hypotheses imply that the boundary of B2R(Xo) is not empty, so let Xl E aB2R(x0). Let r~(x) denote the distance from x to xl. Comparison theorems (see [8] ) imply that
In either case we see that
Technically speaking this inequality holds only at points not on the cut locus of xl; however, it is well known (see [15] ) that the inequality effectively holds globally on M.
For example, one can see that (I.I) holds in the distributional sense, i.e., if ~>0 is a smooth function with compact support in M, then
We will use the inequality in this sense.
Next observe that the hypotheses on M imply that B3R(x~)naM=(~, and BR(xo)cB3R(xl)--BR(Xl). We have for a>0 to be chosen
Ae -"~z = ae -at' (-Ar I +a).
Thus if we consider only points in Bn(xo) we have

Ae -~' ~ ae -3~ (a-(n-l)R -I-(n-I) V"k-).
Setting a=n(R-l+X/-k -) then gives on Bn(xo)
Ae-~ >~ a(R-l + ~/-~)e-3~.
Let 9 be any function on BR(Xo) vanishing on aBR(xo). We multiply by [~[ and integrate by parts
Since rl ~>R on BR(xo) we therefore have
which finishes the proof of Theorem 1.1.
We will now proceed to the mean value inequality. An important part of the proof is the following estimate of Cheng and Yau [4] . 
where c2 depends only on n. Here ro(x) denotes distance from Xo to x. 
where ~s f dV denotes the average value off on the set S.
Proof. The result for any R>0 can be gotten from the case R= 1 by rescaling the metric, so for the sake of notational simplicity we assume R= 1. Let h be the harmonic function on Bl_2_~(x 0) which agrees with v on the boundary. Then h is positive in
Bl_2_~(x o) (unless v is identically zero, in which case the theorem is trivial). Since v is subharmonic we have v<~h in Bl_z%. By Lemma 1.1 we have on Bl-~(xo)
For any xEB~_~(Xo) we can integrate along a minimizing geodesic from Xo to x, hence
,og h-0) I =c2(l+VT)log Thus for any two points x,y EB~_~(Xo) we have
h(x) h(x) h(xo) < r-2c2~+v'~). h(y) -h(xo) h(y)
In particular we have sup V2~ sup h2~'K -4c2(l+V-k-) inf h 2. 
Bl_,(xo) B~_~(Xo)
where we have used the triangle inequality. Since the Dirichlet integral of h is least among all functions which coincide with h on the boundary, we have
(1. 
where we have used the fact that r~<l/2. To finish the proof we estimate the volume of B1 in terms of the volume of BI/2. Recall the bound for Ar E ArE ~< 2+ 2(n-1) rV'k-coth (rV~) ~< 2(n+2(n-1) rVT).
Integrating over Bt(xo) and applying Stokes' theorem, we get for any ~ 6 (0, 1/2). 
M(O) ~ K6-c~~ + ,,'-ER) M( O+6)j_p~.
Choosing 0o = 1 -~ and 0i = Oi-~ + 2-i~ for i= 1,2, 3 ....
M(Oi_l) <<. K 12ic3(l+V~R)M(Oi) ~
where 2= A theorem of Yau [15] shows that on any complete Riemannian manifold a harmonic function which lies in L p for some p E (1, ~) is necessarily constant. On the other hand, Greene--Wu [7] have shown that an L ~ harmonic function vanishes on a complete manifold of nonnegative sectional curvature. It turns out that the triviality of U' harmonic functions for p E (0, 1] only holds under special geometric assumptions on M, which will be demonstrated by the counter-examples in w 3. Since the absolute value of a harmonic function is subharmonic, we see that the validity of property b~ implies property Y(, for any manifold M. Yau's theorem implies that every complete manifold satisfies property bop for p E (1, ~).
THEOREM 2.2. The following two assertions hold. (a) A complete simply connected manifold of nonpositive sectional curvature satisfies bop for p E (0, ~). (b) A complete manifold of nonnegative Ricci curvature satisfies bop for p E (0, ~) and also satisfies ~(p for p E (0, ~].
Proof. To prove (a) we observe that if M is complete and simply connected with nonpositive sectional curvature, then the mean value inequality where c9 depends only on n and p. A theorem of Yau [15] shows that for any complete manifold of nonnegative Ricci curvature and any x C M,
Vol (BR(X)) >t cloR
where Clo is a positive constant depending on x and M. Therefore we can let R---~oQ to show that M satisfies 6ep for p E (0, oe). The fact that M satisfies ~o is a theorem of Yau [14] . This completes the proof of Theorem 2.2.
THEOREM 2.3. If M is a complete manifold whose Ricci curvature is bounded below by a negative constant and such that the volume of every unit geodesic ball in M has a positive lower bound, then M satisfies b~p for every p E (0, oo).
Proof. Since where c1~ is independent of x. Since we are assuming a positive lower bound on Vol (Bl(X)) independent of x, we see that there is a constant c12 so that sup v ~< C12. Proof. To show that e at is a strongly continuous contractive semi-group with A as infinitesimal generator, following an argument of Strichartz in [11] , it suffices to prove that there does not exist nontrivial L ~ function satisfying Af=2f on M, for 2>0. To see this, we observe that both eAtfand e~/fare L~-solutions to the heat equation. Due to the assumption on the Ricci curvature, the volume growth of M must satisfy
Vol (BR(xo)) <-e cR2
for some postitive constant C. This condition fulfills the hypothesis of uniqueness theorem for L~-solutions in [9] . Hence eAt f= eat f. In fact, this follows from the argument in [3] which proved M has infinite volume.
However, for the sake of completeness, we will outline the proof of (2.4) again. For each l<.i<~k, a comparison theorem argument (see [3] ) shows that
Iterating this inequality, we conclude that
However, since ro(xi)=2 i E)=o if-1 __pi and Ri=fl i, the assumption on RicM yields
for sufficiently large i. Since fl>2/(2Vn-l)>l is fixed, the term In any case, ifx~o0, then k--, oo. Hence by the fact that the yELP(M) and 0<1, the right-hand side of (2.6) vanishes, thus proving our assertion and Theorem 2.5 follows.
w 3. Counter-examples
In this section we will give three examples of manifolds which possess non-constant LP-harmonic functions.
The first example is a manifold with finite volume. In particular, it is probabilistically complete (i.e., the life-time of most brownian motion is infinite). Moreover its sectional curvature decays like -cr 2+e, c>0, at infinity, and it possesses non-constant LLharmonic functions. Choose O to be arbitrary outside a neighborhood of 0, and
with 1/2<a<l, where (0, t) are the flat polar coordinates system center at 0 with 0<t~<l/2. Obviously, both conditions are satisfied by our choice of Q in (3.10). In particular, for example, the latter condition can be checked as follows: The left-hand integral is
f01'2t
As evaluated as before this is finite when 2a-p>l. Hence to obtain non-constant L pharmonic functions on M-0 for any given 0<p<l, we simply choose a>(l+p)/2. We will now compute the curvature K near 0 according to formulas (3.8) and Note that when a= 1, this is the constant negative curvature metric. However, when a<l, the curvature decays to 0 quadratically at infinity.
